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I Abstract. We introduce an odd double af fine Hecke algebra (DaHa) generated by a classical 

^ ■ Weyl group W and two skew-polynomial subalgebras of anticommuting generators. This 

I algebra is shown to be Morita equivalent to another new DaHa which are generated by W 

QQ ■ and two polynomial-Clifford subalgebras. There is yet a third algebra containing a spin Weyl 

I group algebra which is Morita (super)equivalent to the above two algebras. We establish 
the PBW properties and construct Verma-type representations via Dunkl operators for these 

^ ^ ^ algebras. 
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1 Introduction 



1.1. The Dunkl operator [3], which is an ingenious mixture of differential and reflection ope- 
\^ , rators, has found numerous applications to orthogonal polynomials, representation theory, non- 

I commutative geometry, and so on in the past twenty years. To a large extent, the Dunkl 

operators helped to motivate the definition of double affine Hecke algebras of Cherednik, which 
have played important roles in several areas of mathematics. In recent years, the representa- 
00 I tion theory of a degenerate version of the double affine Hecke algebra (known as the rational 

O ■ Cherednik algebra or Cherednik-Dunkl algebra) has been studied extensively ([SI E]; see the 

review paper of Rouquier [T3] for extensive references). 
^ I In [16], the second author initiated a program of constructing the so-called spin Hecke alge- 

^ ' bras associated to Weyl groups with nontrivial 2-cocycles, by introducing the spin affine Hecke 

algebra as well as the rational and trignometric double affine Hecke algebras associated to the 
spin symmetric group of I. Schur [15]. Subsequently, in a series of papers [HJ [9l [lOl [T7], the 
authors have extended the constructions of [16] in several different directions. 

The construction of [Ml [lO] provided two (super)algebras and Sj^ associated to any 
classical Weyl group W which are Morita super-equivalent in the sense of [T7j- These algebras 
admit the following PBW type properties: 

^ C[r] Cf,* Ciy C[[)], ^ C{r } CW- C[[)]. 

Here we denote by Pi the reflection representation of W, by C[f)*] the polynomial algebra on f)*, 
by C(j* a Clifford algebra, by C{f)*} a skew-polynomial algebra with anti-commuting generators, 
and by CW~ the spin Weyl group algebra associated to the element —1 in the Schur multiplier 
H^{W,C*)- 



*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection 
is available at |http:/ /www.emis.de/journals/SIGMA/DunkLoperators.html| 
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In contrast to the rational Cherednik algebra (cf . O |T3] ) which admits a nontrivial automor- 
phism group, the construction of the algebras is asymmetric as contains as subalgebras 
one polynomial algebra and one polynomial-Clifford subalgebras C[f)*] C(,* (the polynomial- 
Clifford algebra also appeared in the affine Hecke-Clifford algebra of type A introduced by 
Nazarov [l3]). Moreover, in type A case, contains Nazarov's algebra as a subalgebra, 
see [IB] . 

1.2. In the present paper, we introduce three new algebras H^, and H^y, which are shown 
to be Morita (super)equivalent to each other and to have PBW properties as follows: 

^ C[[)] ® C(, CM/ Cfy. C[[)*], 

nw = c{\)}®cw®c{i)*}. 

A novel feature here is that the algebra contains two isomorphic copies of the polynomial- 
Clifford subalgebra and there is an automorphism of which switches these two copies. 
Similar remark applies to the algebra H^y- We further show that the odd DaHa H^i/ of type 
A contains the degenerate affine algebra of Drinfeld and Lusztig as a subalgebra (see [5] for 
a similar phenomenon). 

It turns out that the number of parameters in the algebras H^, and Hiy is equal to one 
plus the number of conjugacy classes of reflections in W , which is the same as for the corre- 
sponding rational Cherednik algebras and differs by one from the algebras introduced in |16^ llOj. 
However, in contrast to the usual Cherednik algebras, we show that each of the algebras H^, 
and Hvi/ contain large centers and are indeed module-finite over their respective centers. 

1.3. In Section [2] we present a finite dimensional version of the Morita (super) equivalence 
of the DaHa mentioned above, and introduce the necessary concepts such as spin Weyl group 
algebras and Clifford algebras associated to the reflection representation f). 

The Schur multipliers H'^{W,C*) for finite Weyl groups W were computed by Ihara and 
Yokonuma (cf. Karpilovsky [3 Theorem 7.2.2]). For example, ff2(Ws„,C*) =^2X^2X^2 
for n > 4. Given any finite Weyl group W (not necessarily classical) and any 2-cocycle a € 
H'^{W,C*), we establish a superalgebra isomorphism (in two versions +, — ) 

: Cf,* x± CW" ^Cf,* «)Ciy". 

For the purpose of the rest of this paper, only the case when W is classical and a = ±1 is 
needed. The special case when a = —1 was established in [S], and this special case was in turn 
a generalization of a theorem of Sergeev and Yamaguchi for symmetric group. 

We construct and study the algebras EIp^>,EI^ and M\y in the next three sections, i.e., in 
SectionsOHl andO respectively. Among other results, we establish the PBW properties as men- 
tioned earlier and construct Verma-like representations of the three algebras via Dunkl operators. 
Note in particular that a representation for Mw (see Theorems 15.101 15.131 and I5.14p is realized 
on the skew-polynomial algebra with anti-commuting Dunkl operators. Anti-commuting Dunkl 
operators first appeared in [TB], also cf. [TU]. In a very recent work [T], Bazlov and Berenstein 
introduced a notion of braided Cherednik algebra where anti-commuting Dunkl operators also 
make a natural appearance. After the second author communicated to them our construction 
of M-w for type A, they have also produced a similar algebra in their second version (cf. [H 
Corollary 3.7]). 

Finally, in the Appendix [XJ we collect the proofs of several lemmas stated in Section [3] and 
Section [5l 
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2 Schur multipliers of Weyl groups and Clifford algebras 
2.1 A distinguished double cover 

As in [9l[T0], we shall be concerned about a distinguished double covering W of W: 
1 — >Z2 — >W — >W — >l. 

We denote by Z2 = {1, -z}, and by tj a fixed preimage of the generators Si of W for each i. The 
group W is generated by z,ii, . . . ,in with relations 

^ \ z, \i rriij = 2,4,6. 

The quotient algebra €W~ := €.W / {z + 1) of CW by the ideal generated by z + 1 is called 
the spin Weyl group algebra associated to W . Denote by ti G CVF~ the image of tj. It follows 
that CW" is isomorphic to the algebra generated by tj, 1 < i < n, subject to the relations 



ma+i — j 1) if mjj — 1, 3, 



-1, if rriij = 2, 4, 6. 



The algebra CW has a natural superalgebra (i.e. Z2-graded) structure by letting each ti be 
odd. 

Example 2.1. Let W be the Weyl group of type A^, Bn, or Dn, which will be considered 
extensively in later sections. Then the spin Weyl group algebra CW~ is generated hy ti, ... ,tn 
with relations listed in Table 12. 1[ 



Table 2.1. The defining relations of CW . 



Type of W 


Defining Relations for CW 




{titjf = -1 if \i - il > 1 


Bn 


il, . . . , tn-i satisfy the relations for CW~^^ ^, 
tl = 1, {titnf = -1 if i / n - 1, n, 

{tn-ltn)^ = —1 


Dn 


tl, . . . , tn-1 satisfy the relations for CW^ , 
tl = l, {titnf = -lifi^n-2,n, 

^n— 2^71^71— 2 — in^n—itn 



2.2 Clifford algebra 

Denote by \) the reflection representation of the Weyl group W (i.e. a Cartan subalgebra of the 
corresponding complex Lie algebra g). In the case of type An-i, we will always choose to work 
with the Cartan subalgebra f) = C" of gin instead of sin in this paper. 

Note that carries a P^-invariant nondegenerate bilinear form (—,—), which gives rise to an 
identification = and also a bilinear form on f)* which will be again denoted by (— , — ). We 
identify \f with a suitable subspace of in a standard fashion (cf. e.g. [9l Table in 2.3]). Then 
describe the simple roots {aj} for q using a standard orthonormal basis {ej} of C^. It follows 
that {ai,aj) = — 2 cos(7r/mjj). 
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Denote by Cf,* the Chfford algebra associated to ([)*,(—,—)), which is regarded as a subalgebra 
of the Clifford algebra Cat associated to (C''^, (— , — )). We shall denote by Cj the generator in Cn 
corresponding to \/2ej and denote by /3j the generator of C(j* corresponding to the simple root 
normalized with f3? = 1. In particular, Cn is generated by ci,. . . ,cn subject to the relations 

cf = 1, acj = -Cjd if i / j. 

For example, we have 

Pi = -^{ci - Ci+i), l<i<n-l 

and an additional one 

Note that = n in the above three cases. For a complete list of /3j for each Weyl group W, we 
refer to [9l Section 2] for details. 

The action of W on f) and f)* preserves the bilinear form (— ,— ) and thus W acts as auto- 
morphisms of the algebra Cfj*. This gives rise to a semi-direct product Cfj* xi CW. Moreover, 
the algebra C^* xi CW naturally inherits the superalgebra structure by letting elements in W be 
even and each f3i be odd. 



2.3 A superalgebra isomorphism 

We recall the following result of Morris (the type A case goes back to Schur). 

Proposition 2.2 ( \12\ I15|). Let W be a finite Weyl group. Then, there exists a surjective 
superalgebra homomorphism il. : CW~ — >C(j* which sends ti to (3i for each i. 

Given two super algebras A and B, we view the tensor product of superalgebras A ® B as 
a superalgebra with multiplication defined by 

{a®h){a' ®h') = {-l)\^\\'''\{aa' ®bb') {a,a' £ A, b,b' £ B), 

where |6| denotes the Z2-degree of b, etc. 

Now, let Cn x_ CW~ denote the algebra generated by the subalgebras C„ and CW~ with the 
following additional multiplication: 

tiCj — Cj ti \fi^j. 

Note that C„ x_ CW~ has a natural superalgebra structure by setting each Cj and tj to be odd 
for all admissible i, j. We also endow a superalgebra structure on C[j* ^ CW by declaring all 
elements of W to be even. 

Theorem 2.3. We have an isomorphism of superalgebras: 

$ : Cf,. x_ CW- ^ Cf,. ® CW 

which extends the identity map on C^* and sends each ti to PiSi. The inverse map ^ is an 
extension of the identity map on C(j* and sends each Si to (3iti. 

We first prepare a few lemmas. 

Lemma 2.4. We have = (-1)"^'^+^ 
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Proof. Proposition says that (titj)™'^ = = (-1)™'^+^ Also recall that (siSj)™'^ = 1. 

Then we have 

Lemma 2.5. We have f3j^{ti) = -^{U) for all i, j. 
Proof. Note that {Pi, Pi) = 2Pf = 2, and hence 

PjPi = -A/3, + ft) = -PiPj + '^Y^^Pf = -P^Pf. 

[Pi, Pi) 

Thus, we have 

Pj^ti) = PjPiS^ = -PiPfs^ = -PiS^Pf = -Hti)Pf. ■ 

Proof of Theorem 12.31 The algebra C^* x_ CW^ is generated by Pi and ti for all i. Lem- 
mas [23] and [23] imply that $ is a (super) algebra homomorphism. Clearly ^ is surjective, and 
thus an isomorphism by a dimension counting argument. 

Clearly, ^ and ^ are inverses of each other. ■ 

Let us denote by Cfj^^fj the Clifford algebra associated to ((f)*, (— , — )) © (f), (— , — ))) ) and re- 
gard it as a subalgebra of the Clifford algebra C2N associated to ((C^, (— , — ))©((C^)*, (—,—))). 
We shall denote by ej and Vi the counterparts to Cj and Pi via the identification C(,* = C^. 

By [9l Theorem 2.4], there exists an isomorphism of superalgebras 

^ : C^y^CW ^C^(^CW- (2.1) 

which extends the identity map on Cf, and sends each Sj to —^/—Iviti. The isomorphism <I> was 
due to Sergeev and Yamaguchi when W is the symmetric group. 

Theorem 2.6. We have an isomorphism of superalgebras: 

which extends the identity map on Cfj*0(j and sends each Si to —iPiViSi. The inverse map ^ is 
the extension of the identity map on C(j*0(j which sends each Si to \/ —iPiUiSi. 

Proof. The isomorphisms ^ in Theorem 12.31 and <I> in (j2.ip can be readily extended to the 
following isomorphisms of superalgebras which restrict to the identity map on C^*i^^: 

$ : C(,*ef) X 'CW ^ C(, © [C^* x_ CW~) , 

Observe that ^ = <^ o and so $ is an isomorphism. ■ 
2.4 The case of general 2-cocycles 

The materials of this subsection generalize the Section [2.31 above and [9l Section 2]; however, 
they will not be used in subsequent sections. 

The Schur multipliers H^{W,C*) for finite Weyl groups W were computed by Ihara and 

k 

Yokonuma [6] (also cf. Karpilovsky [T] Theorem 7.2.2]). In all cases, we have H^{W, C*) = 11 ^2 

i=i 

for suitable k = 0,1, 2, 3. 
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Consider the following central extension of W by H'^(W,C*): 
1 — > H^{W, C*) — >W — >W — >l. 

k 

We denote by Zi the generator of the ith. copy of Z2 in H'^{W,C*) = Y[ "^2 and by tj a fixed 

_ i=i 

preimage of the generator Si of W for each i. The group W is generated hy zi, Zk, ti, ... ,tn 
subject to that Zi is central of order 2 for all i, and the additional relations shown in Table [2^2] 
below (cf. O Table 7.1]). In particular, the values of k can be read off from Table [2^21 



Table 2.2. Central extensions W of Weyl groups. 



Type of W 


Generators/Relations for W 


An (n > 3) 


tf = I, I < i < n, 

II 1 1 J. 4. 1 ^ ' ^ I 

titi+lti — Ej+itjEj+i, L s i S n — 1 


7~) 


J.2 J.2 1 /'j. J. \2 /j. J. \2 
t{ = t^ = 1, (tlt2) = 21(^2*1) 




= ^2 ~ *3 ~ ^1*2*1 = ^2*1^25 
tits = Zltstl, (^2*3)^ = Z2{ht2f 


-Dn > 4j 


ti = I, 1 < i < n, titi+iU = ti+iUti+i, 1 < i < n - 2 

tjtj = Zitjti, l<i<i<?l— 1, 771jj = 2 
titn = Z2tnti, l<i<n-2 
(tn-ltn)^ = Zsitntn-l)'^ 




t? = 1, 1 < i < 4, tjtjtj = tjtjtj if niij = 3 

tits = Zit^ti, titi = Z2titi, t^ti = Z^t^t^ 


A. > 5) 


tf = I, 1 < i < 71, titjti = tjtitj if rriij = 3 
titj = zitjti, I < i < j < n, rriij = 2, i ^ n — 1 

t-ri— itft — Z2tntn—1 


-E'n=6,7,8 


tf = 1, 1 < i < n, titjti = tjtitj if rriij = 3 

t-i t j — tj i j ^ if Ifl/ij^j — 2 




t^ = 1, 1 < i < 4, titi+iti = ti+ititi+i {i = 1, 3) 
titj = Zitjti, 1 < i < j < 4, rriij = 2, 

(t2t3)^ =22(t3t2)^ 


G2 


tl=tl = 1, (tit2)3 = Zi(t2ti)3 



For a = (ai)i=i,...,fc ^ H'^{W,C*), the quotient CTV" := CW / {zi - ai,\/i) can be identified 
as the algebra generated by ti, . . . , t„ subject to the relations: 

\ ajj, if rriij = 2,4,6, 

where ajj G {±1} is specified by a G H'^{W,C*) as in Table [2^21 

Let Cfj* x_ CTy~" denote the algebra generated by subalgebras Cf,* and CW~'^ with the 
following additional multiplication: 
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where we have denoted by the generators of the subalgebra CW~" of C(j* x_ CVF~", in order 
to distinguish from the generators ti of CW°' below. We impose superalgebra structures on the 
algebras xi_ CPF~" and on Cf,* (8) CW°^ by letting t~ be odd, ti be even, and Pi be odd for 
all i. 

Theorem 2.7. Fix a 2-cocycle a £ H'^{W,C*). We have an isomorphism of superalgebras: 

which extends the identity map on C^* and sends t^ to Piti for each i. The inverse map is 
the extension of the identity map on Cfj* and sends ti to Pit~ for each i. 

Proof. By Lemma 12.51 we have PjPi = —PiP^\ Recall that ty is odd and ti is even. So we 
have Pj^'^{t~) = — ^*"(t~)/3j' for all admissible i, j. Moreover, 

($«(i-)$«(iT))-». = iPitiP.tjr^^ = {p^Pj^^'{t^tj^^^ = {-i)"^^^+\t,tjr^i 

_ j 1 if ruij = 1,3, 
\-aij ifmjj = 2,4,6. 

Clearly, preserves the Z2-grading. Hence, it follows that is a surjective superalgebra 
homomorphism, and thus an isomorphism by dimension counting. It is clear that is the 
inverse of ^>". ■ 

Denote by Cfj* x+ CW^" the algebra generated by subalgebras Cfj* and CW~" with the 
following additional multiplication: 

ttPj = PT*t vi,i, 

where we have denoted by tf the generators of the subalgebra CT^~" of C^,* x+ CVF~", in 
order to distinguish from the generators ti of CW"'. We impose superalgebra structures on the 
algebras x+ CM^~° and on Cf,* Cg) CW" by letting tf be even, ti be odd, and Pi be odd for 
all i. 

Theorem 2.8. Fix a 2-cocycle a G H'^[W,C*). We have an isomorphism of superalgebras: 

which extends the identity map on C^* and sends tf i— > —\/—iPiti. The inverse map is the 
extension of the identity map on C^* and sends each ti to \J—iPitf . 

Proof. By Lemma |2.5| we have PjPi = —PiPj\ Recall that tf is even while ti is odd. Then 
Pj^+itl) = ^%{tl) Pj' for all admissible i, j. Moreover, 

_ J 1 if ruij = 1,3, 
\-aij ifmjj = 2,4,6. 

It follows that is an isomorphism of superalgebra with inverse . ■ 

Denote by Cf,*0[, x+ CW^ the algebra generated by subalgebras Cf,*0(, and CW"- with the 
following additional multiplication: 

UPj = Pj'U, tiUj = UjHi, Mi,j. 

We impose superalgebra structures on the algebras C(,*0[j x+ CW" and on Cfj.^fj ® CH^" by 
letting each ti be even, and letting each Pi, Vi be odd. 
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Corollary 2.9. For a 2-cocycle a G H'^(W,C*), we have an isomorphism of superalgebras: 
which extends the identity map on C(,*0[j and sends each ti to \/—l(3ih'iti. 

Remark 2.10. When a = ±1 and CW"' becomes the usual group algebra CW or the spin 
group algebra CW~ , we recover the main results of Section [231 

3 The DaHa with two polynomial-CUfford subalgebras 

In the remainder of the paper, W is always assumed to be one of the classical Weyl groups of 
type An-i, Bn, or Dn, and we shall often write C2n for C[,*0(,. 

3.1 The definition of 

Let Pl^ be one of the classical Weyl groups. The goal of this section is to introduce a ratio- 
nal double affine Hecke algebra (DaHa) M^r which is generated by CW and two isomorphic 
"polynomial-Clifford" subalgebras. Note that this construction is different from the double 
affine Hecke-Clifford algebra introduced in [161 [TO] which is generated by CW, a polynomial 
subalgebra, and a "polynomial-Clifford" subalgebra. 

Identify C[t)*] = C[xi, . . . , Xn] and C[[)] = C[yi, . . . , y„], where Xj, yi {1 < i < n) correspond 
to the standard orthonormal basis {cj} for f}* and its dual basis {t*} for f}, respectively. For x, y 
in an algebra A, we denote as usual that 

[x, y] = xy - yx e A. 

3.1.1 The algebra of type A^-i 

Definition 3.1. Let t,u £ C and W = Sn- The algebra of type An-i is generated by Xi, 
y-i (1 < i < ?^), C2n and W , subject to the following additional relations: 

XiXj = XjXi, ViVj — UjUi (yhj)j 

aci = c^a, aci = e^a, 

axi = x^a, ayi = y"a (Vcj € VF, Vi), (3.1) 

€iXj — Xj€i^ C-iXj — ( 1) ^-^ XjCi (\fi^j^^ 

Ciyj = yjCj, Ciyj = {-lY'^yjCi (Vi,j), 

[yi,Xj] = u{l + CiCj){l + ejei)sij (i^j), (3.2a) 
[yi,Xi] = tCiCi - ti^(l + CfeCi)(l + ekei)ski. (3.2b) 

Alternatively, we may view t, u as formal variables and as a C[t, n]-algebra. Similar 
remarks apply to other algebras defined in this paper. 

3.1.2 The algebra of type 

Let W = Wd„- Regarding elements in W as even signed permutations of 1, 2, . . . , n as usual, 
we identify the generators Sj G W, 1 < i < n — 1, with transposition (i, i + 1), and Sn £ W with 
the transposition of (n — 1, n) coupled with the sign changes at n — 1, n. For 1 < i ^ j < n, we 
denote by Sij = {i,j) G W the transposition of i and j, and Sij = {i,j) £ W the transposition 
of i and j coupled with the sign changes at i, j. By convention, we have 



Sn—l,n — (jT' f)^) — Sri) ^ij — (^jj) — SjnSi^n—lSnSi^n—lSjn- 
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Definition 3.2. Let t, n G C and W = Wd„- The algebra of type Dn is generated by Xi, 
Vi (1 < ^ < f^), C2n and W, subject to the relations with the current W, and (|3.3a|) - ()3.3bp 
with i ^ j below: 

[yi,Xj] = n(l + CiCj){l + ejei)sij - u{l - CiCj){l - ejCipij, (3.3a) 
[yi,Xi] = tCiCi - it^(l + CfcCi)(l + ekei)ski + n^(l - CfcQ)(l - ekCipki- (3.3b) 

k^i k^i 

3.1.3 The algebra of type 

Let W = Wb„- We identify W as usual with the signed permutations on 1, . . . ,n. Regarding 
as a subgroup of W, we have Sij,Sij £ W ioi 1 < i j < n. Further denote Tj = (i) £ W 
the sign change at i for 1 < i < n. By definition, we have 

Tn = ('^) — 'Sri) Ti = (i) — SinSfiSin- 

Definition 3.3. Let t,u,v € C, and W = Wb„- The algebra H^^ of type is generated by Xj, 
Vi (1 < ^ < JT-), and W ^ subject to the relations (j3.ip with the current W , and p.4ap - ()3.4bp 
with i ^ j below: 

[yi,Xj] = u{l + CiCj){l + ejei)sij - u{l - CjCj)(l - ejei)sij, (3.4a) 
[yi,Xi] = tCiCi - ^^(1 + CfcCi)(l + ekei)ski + n^(l - CfcCi)(l - ekei)ski - VTi. (3.4b) 

3.2 The PBW basis for 

We shah denote x" = x1^ ■ ■■ x'^ for a = (ai, . . . , a^) G , c^ = c^i • • • c^" for e = (ei, . . . , e„) GZg. 
Similarly, we define and e^. Note that the algebra Hp^ contains C[f)*], C(j*, C[{)], C(,, and CM^ 
as subalgebras. 

Theorem 3.4. Let W he Wa„^i, Wd„ or Wb^- The multiplication of the subalgebras C[f)*], 
C[[)], C(j*, C(j, and CM^ induces a vector space isomorphism 

C[i)*] » C„. CVF C[[)] ® Cf, ^ M^. 

Equivalently, the elements {x°'c''we''' y"' | a, 7 G , e, e' G Z2 , w G VF} form a linear basis for 
(the PBW basis). 

Proof. Recall that W acts diagonally on 1/ = [)* ® f). The strategy of proving the theorem 
follows the suggestion of [16] to modify [SJ Proof of Theorem 1.3] as follows. 

Clearly K := C2n xi CVF is a semisimple algebra. Observe that E := V is a natural 

i^'-bimodule (even though V is not) with the right JT-module structure on E given by right 
multiplication and the left -fT-module structure on E by letting 

w ■ {v ® a) = v"^ ® wa, 

Ci ■ {xj (8) o) = {—lY'-^Xj (8) (cjo), 

Ci ■ (yj (g) a) = yj (g) (qo), 

Ci ■ {xj (g) a) = Xj (g (cjo), 

Ci ■ {yj g) o) = (-l)^*^ yj ® (e,a), 

where ?; G V, G P^, a £ K. 
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The rest of the proof can proceed in the same way as in [5l Proof of Theorem 1.3], and it 
boils down to the verifications of the conjugation invariance (by q, Cj and W) of the defining 
relations (I3:2al) - (l3^ . (I33a|) - (l3^ . or (lOall - dS^ for type A, D or B respectively, and the 
verification of the Jacobi identities among the generators Xi and yi for 1 < i < n. 

Such verifications are left to Lemmas 13.61 13.71 and 13.81 below. ■ 

Remark 3.5. The algebra has two different triangular decompositions: 

^ C[r] {C2n X CW) <S) C[l)], 

The detailed proofs of Lemmas 13. 6^ 13.71 and 13.81 below (also compare [10]) are postponed to 
the Appendix. 

Lemma 3.6. Let W = Wa„^,,Wd„ or Wb^- Then the relations (l3:2iD - (l3:2bll . (I33i1l - dS^b]) . 
or (|3.4ap - ()3.4bp are invariant under the conjugation by Ci and respectively, 1 < i < n. 

Lemma 3.7. The relations lK2^ - K2h\i . (fS^ - (|3J^ . or (IHIia - (l3lbl ) are invariant under 
the conjugation by elements in Wa„_i, Wd„ or Wb„ respectively. 

Lemma 3.8. Let W = Wa„-i, or Wb„- Then the Jacobi identity holds for any triple 

among Xi, yi in for 1 < i < n. 

Remark 3.9. For W = Wa„_i, Wd„ or Wb„, the algebra has a natural superalgebra 
structure by letting Xj, yi, sj be even and Ck, be odd for all admissible i, j, k. Moreover, the 
map w : — > M^r which sends 

' ^ Uii Vi ' ^ ^i; Cj I > Ci, Ci I > Cj, Sj I > Sj i-,j 

is an automorphism of Hp^ . 



3.3 The Dunkl representations 

Recall K = C2n x CW. Denote by 9)y the subalgebra of M^r generated by K and yi, . . . ,yn. 
A ii'-module M can be extended to i^y-module by demanding the action of each yi to be trivial. 
We define 

My := Ind^^^M. 

Under the identification of vector spaces 

My = C[xi,...,Xn]'S)M, 

the action of on My is transferred to C[xi, . . . , x„]0M as follows. K acts on C[2;i, . . . , Xn]<SiM 
by the following formulas: 

w ■ {xj (d) m) 
Ci ■ {xj (8) m) 
Ci ■ {xj m) 

where Cj,ej G C2n, w ^ W . Moreover, Xi acts by left multiplication in the first tensor factor, 
and the action of yi will be given by the so-called Dunkl operators which we compute below 
(compare O S] ) . 

A simple choice for a if- module is C2n, whose ii'- module structure is defined by letting C2n 
act by left multiplication and W act diagonally. 



= Xj (8) wm, 

= (— l)^*^'xj ® Cim, 

= Xj (gi Cim, 
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3.3.1 The Dunkl Operators for type case 

We first prepare a few lemmas. It is understood in this paper that the ratios of two (possibly 
noncommutative) operators g and h always means that I = i • /i. 

Lemma 3.10. Let W = Wa„_i ■ Then the following holds in Wy^ for I G and i ^ j: 



/ x)-x\ x) - {-lYx\ \ 

Proof. This lemma is a type A counterpart of Lemma 13.131 for type B below. A proof can be 
simply obtained by modifying the proof of Lemma [3. 131 with the removal of those terms involving 
Sij, Ski, Ti therein. ■ 

Lemma 3.11. Let W = Wa_„_i, and f G C[xi, . . . ,Xn]- Then the following identity holds in 



FCC . 



r .1 , /-T' sr^ f f - f"" , fckCi- CkCif'^A 

[Vi, f\ = taei— 2^ ( Z ^ Z + efcCjjSfci. 

ZXi \ Xi Xk Xi -\- Xk I 

Proof. It suffices to check the formula for every monomial / of the form J"^ ■ ■ ■ x^' , which 
follows by Lemma l3. 101 and an induction on a based on the identity 

Now we are ready to compute the Dunkl operator for 

Theorem 3.12. Let W = Wa„_i and M be a {C2n ^ CW)-module. The action of yi on the 
module C[xi, . . . , Xn] ®M is realized as the following Dunkl operators: for any f G C[xi, . . . , Xn\ 
and m G M , we have 

yj o (/ (g) m) = taei— ®m-u2_^ \ — \ I (1 + ekCijSkim. 

ZXi k^i "^^ "^^ '^^ 

Proof. We calculate that 

T/j o (/ (g) m) = [yi, f]®m + f ® yivn = [yi, f] ® m. 
Now the result follows from Lemma 13.111 ■ 

3.3.2 The Dunkl Operators for type Bn case 

The proofs of Lemmas 13.131 and 13.141 are postponed to the Appendix. 

Lemma 3.13. Let W = Wb„- Then the following holds in for I G Z+ and i 7^ j: 

( x]-x\ x] - {-iyx\ \ 
[yi,Xj\ = u h — CiCj (1 - eiCjJSij 

\ Xj Xi Xj ~r X-i I 
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E, /Y"^ / ^ , \^ /yl riT'l \ ryl / ry . \ I 
I Xj Xfcj Xj Xr \ Xj Xj^ 
^ ■ -CkCi 1 - CfcCi Sfci - Ti. 



Xi -\- X}^ Xi X}^ J ^Xi 

Lemma 3.14. Let W = Wb„, and f G C[xi, . . . ,Xn\- Then the following holds in H^; 



[yi,f\ = taei— ""2^ ( Z ^ Z ^ +ekei)Ski 

■ 73 Tj - 2^ ( Z '^'^'^^ j ' ~ ^keilSki- 

zxi y + Xk Xi Xk / 



— V- 



Now we are ready to compute the Dunkl operator for y,. 

Theorem 3.15. Let W = Wb„ and M be a {C-jn CW)-module. The action of yi on the module 
C[xi, . . . ® M is realized as the following Dunkl operators: for any f G C[xi, . . . and 
m E M, we have 



yio{f ®m) = taei— m - ( — \ CkCi ) (1 + ekei)skim 

zxi y Xi Xk Xi -\- Xk / 

} , I — CkCi I (1 - ekei)Skim - v— (g) t^t? 

. \ Xi -\- Xk Xi Xk J ZXi 



Proof. We observe that 

yi°{f ®m) = [yi, f]®m + f ® yiUi = [y^, f] m. 
Now the result follows from Lemma 13.141 ■ 

3.3.3 The Dunkl Operators for type Dn case 

Due to the similarity of the bracket relations [— ,— ] in Dn and Bn cases (e.g. compare (|3.3b|) 
with ()3.4bp ). the formula below for type D„ is obtained from its type Bn counterpart in the 
previous subsection by dropping the terms involving the parameter v. 

Theorem 3.16. Let W = Wd^, and let M be a {C2n xi CW)-module. The action of yi on 
C[xi, . . . ,Xn] ® M is realized as the following Dunkl operators: for any f G C[xi, . . . ,x„] and 
m E M , we have 

yi o (f m) = taei— m - ( — \ CfcQ ) (1 + ekei)skim 

zXi y Xi Xk Xi -\- Xk J 

-u2_^{ — CkCi I (1 - ekei)Skim. 

\ Xi -\- Xk Xi Xk J 

3.4 The even center for H 



cc 
W 



Recall that the even center Z{A) of a superalgebra A consists of the even central elements of A. 
It turns out the algebra M.^r has a large center. 
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Proposition 3.17. Let W be either Wa„-i, Wd„ or Wb„- The even center Z{M^r) contains 
C[xf, . . . and C[yf, . . . ,1/^]^ o,s subalgebras. In particular, M.^^ is module-finite over its 

even center. 

Proof. Let / G C[xf, . . . , x"^]^ . Then f — f^^ = for each i. Moreover, by the definition of H^, 
/ commutes with C2n, W, and Xi for all 1 < i < n. Since f = for all w S W, it follows 
from Lemmas 13.111 and 13.141 that [yj, /] = for each i. Hence / commutes with C[yi, . . . , ?/„]. 
Therefore / is in the even center Z{M^r)- It follows from the automorphism w of defined 
in Remark 13.91 that C[yf, . . . , y"^]^ must also be in the even center -Z(EI^). ■ 



4 The spin double affine Hecke— Clifford algebras 

Recall that W is one of the classical Weyl groups of type An-i, Bn, or The goal of this 
section is to introduce and study the spin double affine Hecke-Clifford algebra (sDaHCa) M^, 
which is, roughly speaking, obtained by decoupling the Clifford algebra Cf, from the DaHa 
in Section [3l The spin Weyl group algebra CW~ appears naturally in the process. We remark 
that the algebra is different from either the spin double affine Hecke algebra or the double 
affine Hecke-Clifford algebra introduced in I10|. 

4.1 The definition of sDaHCa H^'^ 



Following [To], we introduce the notation 



titi+i---tj, ifi<j, _ ( titi_i- ■ -tj, ifi>j, 



I 1, otherwise, | 1, otherwise. 

Define the following odd elements in CW~ of order 2, which are an analogue of reflections in W, 
for 1 < i < j < n: 

tij = [i,j] = {—^y^^~^tj^i ■ ■ ■ tj+itjtj+i • • • 

tji = = -[i,j], 

T — _ / { — ^y~^~^tjin-lti1n-2tntn-2litn-llj, for type D„, 

Hj — P^JJ - S (_l)j-if f f f f f f 



-Uj, for type 



tji = = [hj], 

ti=Y] = {-lT~"ti ■ ■ ■ tn^ltntn~l ' ' ' ti (1 < i < n). 



The notations j], [i, j] here are consistent with the inclusions of algebras CVF^^^ ^ < CWj-^^ < 

As in [16] (also cf. [9l[10]), a skew-polynomial algebra is the C-algebra generated by 61, . . . , 6^ 
subject to the relations bibj + bjbi = 0, (z 7^ j). This algebra, denoted by C[bi, . . . ,bn], is 
naturally a superalgebra by letting each 6j be odd, and it has a linear basis given by 6" := 
b'l' • • • 6^" for a = (fci, . . . , e Z^. 

Consider the group homomorphism p : Wb„ — > Sn defined by p(sj) = Sj and p{sn) = 1 for 
1 < i < n — 1. By restriction if needed, we have a group homomorphism 

p : W — > Sn, (J p{(j) = a* 

for W = Wa„_j^,Wb„ or W£)„- Observe that r* = 1 and s*j = Sij for all 1 < i / j < n. 
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Definition 4.1. Let t,u,v G C, and W = Wa„^^,Wd„, or Wb„. The sDaHCa M.:^ is the 
algebra generated by Xj, rji {1 < i < n) and C(j* x CW~ , subject to the relations 

Cir]j = -r]jCi, CiXj = {-l^'^XjCi (Vi,j), 
tiXj = XjHi, Uijj = -r]jHi {ti£CW~) 

and the fohowing additional relations: 



Type A: < 



Type D: < 



Type B: < 



[r]i,Xj] = u{l + CiCj)[iJ] {i / j) 
[r]i,Xi] = tCi + n^(l + CkCi)[k,i], 



[ni,Xj] = u{{l + CiCj)[i,j] - (1 - CiCj)[i,j]) {i j), 
[r/i,Xi] = tCi + ((1 + CkCi)[k,i] - (1 - CkCi)[k,i]), 



■■ u{{l + CiCj)[i,j\ - (1 - CiCj)[i,j]) {i / j), 
tCi+u'^ ((1 + CkCi)[k,i] - (1 - CkCi)[k,i]) + 



4.2 Isomorphism of superalgebras 

For W = Wa„^i,Wb„, or VI^d^, we recah an algebra isomorphism (see [lOl Lemma 5.4]) 
which sends 



(efc + ei)sifc I — > - [/c, i] , 
CiTi I — > -^/^ [i] 



(4.1) 



for i ^ k, whenever it is applicable. The inverse of <I> is denoted by ^. 

Note that the algebra has a natural superalgebra structure by letting each r]i, Ci, tj be 
odd and Xi be even for all admissible i, j. 

Theorem 4.2. Let W be Wa„_^, Wd„ orWs^. Then, 

1) there exists an isomorphism of superalgebras 

M.''^{t,u,v) ^Ci^®m^^{-t,-V^u,V^v) 

which extends <^ : C(j xi CW ^ C(j ® CW~ and sends 

Hi ' ^ S-iflii Xi I > Xj, Cj I > Cj, Vi; 



2) i/ie inverse 



-27^,7-1^) 



ircc 

11 vy 



(t,u,t;) 



extends ^ : Cf, (8> CVF — > Cf, x CVF and sends 



rji I > G-iVij 



Xi ' ^ X?; 



Vi. 
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Proof. We need to check that $ preserves the relations ([31]), dS^SD-dUb]), (|33al) - ([Ob]) . and 
(I3aaD-([33b|) for W = Wa„_^,Wd„, and Wb„ respectively. 

First, we shall verify that $ preserves (|3.4ap - ()3.4bp with W = Wb„- Indeed, by (|i?T]) or [TOl 
Lemma 5.4], we have 

4>(l.h.s. of (|3.4ap ) =ei[r]i,Xj] = -y/^uei{{l - CjCi)[i, j] - {I + CjCi)[i, j]) 
= $(it((l + QCj)(l + ejei)sji - (1 - CiCj){l - ejei)sij)) 
= $(r.h.s. of (fOiD l. 

Also, we have 

$(l.h.s. of ^M) = eih,Xi] 

= -t ■ eiCi - V^uci'^ ((1 + CkCi)[k,i] - (1 - CkCi)[k,i]) + \f-lvei[i] 

= ^{tCiCi - ((1 + CfcCj)(l + ekei)ski + (1 - CfcCi)(l - ekSipki) - vn) 

k^i 

= ^>(r.h.s. of (l3^ ). 

It is easy to check that <I> preserves (|3.ip . and we will restrict ourselves to verify just a few 
relations among (j3.ip . For j 7^ i, i + 1, we have 

Moreover, 

This proves that $ is an algebra homomorphism for type Bn- 

By dropping the terms involving v in the above equations, we verify that the relations (j3.3ap - 
()3.3bp with W = Wd„ are preserved by $. By further dropping the terms involving [ij], 'Sij etc., 
we also verify (I3.2ap - (|3.2bp with W = Wa„_i- So, the homomorphism $ is well defined in all 
cases. 

Similarly, one shows that ^' is a well-defined algebra homomorphism. Since <I> and ^ are 
inverses on generators, they are (inverse) algebra isomorphisms. ■ 

The isomorphism in Theorem 14.21 exactly means that the superalgebras and are 
Morita super-equivalent in the sense of |17| . 

Corollary 4.3. Let W be one of the Weyl groups Wa^^i, Wd„ or Wb„- The even center 
Z{Il^) o/H^ contains C[7]f, . . . , 77^]^ and C[xf, . . . , x"^]^ . In particular, is module-finite 
over its even center. 

Proof. By the isomorphism $ in Theorem 14.21 and the Proposition 13.171 we have that 2{Ct) O 
H^) contains the subalgebras C[?/^, . . . , ??^]^ and C[x1, . . . , x"^]^ , and so does Z{M^). ■ 

4.3 The PBW property for 

We have the following PBW type property for the algebra H^. 

Theorem 4.4. Let W be one of the Weyl groups Wa„^i, Wd„ or Wb„- The multiplication of 
the subalgebras induces an isomorphism of vector spaces 

Equivalently, the set {r]"'c^(Tx'^} forms a basis for H^, where a runs over a basis for CW~ , 
e G Z^, and 0,7 e Z^. 
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Proof. It follows from the defining relations that is spanned by the elements rf^cfax^ where 
a runs over a basis for CVF~, a, 7 G , and e G TH^. By the isomorphism ^' : Cj, Cg) — > 
in Theorem 14. 21 we see that the image '^{jf^&ax^) are linearly independent in by the PBW 
property for (see Theorem 13. 4p . So the elements rf^d'ax^ are linearly independent in H^. 
Therefore, the set {rf'cfax^^ forms a basis for H^. ■ 



4.4 The Dunkl operators for 

Denote by \)rf the subalgebra of generated by (1 < -i < n) and C(j* xi_ £W~ . A (Cf,* xi_ 
CTy~)-module V can be extended to a fj^-modules by letting the actions of on V to be trivial 
for each i. We define 




, . . . , x„] (g) y. 



On C[xi, . . . ,rE„] (8) F, the element ti G CVF~ acts as Si ® ti, Ci G Cf,* acts by q • {xj v) = 
(— l)'^»J Xj(8'CjW, and acts by left multiplication, and rji acts as anti-commuting Dunkl operators, 
which we will describe in this section. 

Under the superalgebra isomorphism $ : ^ C„ in Theorem 14.21 we obtain anti- 
commuting Dunkl operators r/j by fairly straightforward computation. They are counterparts of 
those in Section [Sj and we omit the proofs. 



4.4.1 Dunkl operator for type An-i 

The following is a counterpart of Theorem I3.12[ 

Proposition 4.5. Let W = Wa„_i and V be a Cn >i CW" -module. The action of rji on the 
-module C[xi, . . . ,Xn] V is realized as a Dunkl operator as follows. For any polynomial 
f G C[a;i, . . . ,Xn] and m G V, we have 

7?j o (/ (g) m) = tci — (g) m + u 2^ ( 1 j [k, i]m. 

ZXi \ Xi X/j Xi + X/j J 



4.4.2 Dunkl operator for type Bn 

The following is a counterpart of Theorem 13.151 

Proposition 4.6. Let W = Wb„ and V he a [Cn x CW~)-module. The action of 7]i on the 
M^-module C[xi, . . . ,Xn] <^V is realized as a Dunkl operator as follows. For any polynomial 
f G C[xi, . . . , Xn] and m £ V , we have 

77i o (/ (g m) = tci^——^— gi m + ti ^ (- — h - — - — c^q j (g [k, i]m 

2Xi , \ Xj^ X]^ Xi -\- X]^ J 



u ( CfcCj I (g [k, z\m + V — g) mm. 

\ Xj + x/j Xi Xfc J 2xi 



4.4.3 Dunkl operator for type Dn 

Proposition 4.7. Let W = Wd„ and V be a Cn x CW~ -module. The action of rn on the 
-module C[xi, . . . ,x„] ®V is realized as a Dunkl operator as follows. For any polynomial 
f G C[xi, . . . , Xn] and m £ V , we have 

?7i o (/ (g m) = tci^—^— (g m + li ^ (- h / — CfcCj j (g [k, i]m 

ZXi \ Xi + x/j J 
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- -u 2^ I CkCi I (g) [k, i\m. 

\ -^i ~r ■^k -^i ■^k J 

Remark 4.8. The general formula for the Dunkl operators rn for resembles the Dunkl 
operator yi for S)^^ which appeared in [TOl Theorems 4.4, 4.10, 4.14]. However, rurjj = —rfjirji, 
while ViVj = VjVi for i 7^ j. 

5 The odd double affine Hecke algebras 

In this section, we shall introduce an odd double affine Hecke algebra H^y which is generated 
by CW and two isomorphic skew-polynomial subalgebras. Recall that W is assumed to be one 
of the classical Weyl groups of type An-i, Bn, or D„. 

Recall also the group homomorphism p : W — > 5„ defined in Section U] which sends a ^ a* 
for all a S W. We shall need two (isomorphic) skew-polynomial algebras C{{)*} = C[^i, . . . 
and C{f)} = C[r7i, . . . , r/„], which are naturally acted upon by the symmetric group 5„ or the 
group Wb„ by permuting the indices possibly coupled with sign changes. We shall denote the 
action of o" € Wb^ f f" ■ 

5.1 The definition of Hvi^ 

As usual we denote [C, '^]+ = if] + V^- 

Definition 5.1. Let t,u,v G C and W be VFa„_i,Wd„, or Wb„- The odd DaHa M.w is the 
algebra generated by ^j, rn {\ <i < n) and CW , subject to the relations 

<yij = if <y. <yr]j = vf <y {<t&w) 

and the following additional relations: 

t- l + u'^Ski, 

k^i 

u{sij + Sij) (iy^j), 
t • 1 + (ski + Sij) , 

u{sij + Sij) {iy^j), 

t • 1 + -U ^ {Ski + Sij) + VTi. 
k^i 

The algebra H^y has a natural superalgebra structure by letting Sj be even and r/j, E,i be odd 
for all j. 

Remark 5.2. The defining relations for the algebra Hvk differ from those for the usual rational 
DaHa (also known as rational Cherednik algebra) S^w [5] by signs. One can introduce a so-called 
"covering algebra" EI (as done in |17l [TO] in similar setups) which contains a central element z of 
order 2, so that the algebras S)w and Hiy are simply the quotients of H by the ideal generated 
by z — 1 and 2 + 1 respectively. 

The definition of M.^ is motivated by the Morita (super)equivalence with and H^. The 
defining relations above suggest a further extension of odd DaHa associated to the infinite series 
complex reflection groups. 



Type A: < 



TypeD: <'[^.^^^] 



Type B: < 
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5.2 Isomorphism of superalgebras 



Lemma 5.3. Let W be one of the Weyl groups Wa„^i, Wd„ or Wb„- The isomorphism <I> : 
Cn X- CW- -^Cn® CW (see Theorem^ij sends 



{ck - Ci)[k,i]\ — > V2 Ski, {ck + Ci)[k,i] I — > V2 Sik, Ci[i] i — > n. 



Proof. The lemma can be proved by induction very similar to |10l Lemma 5.4], and we skip 



Theorem 5.4. Let W be one of the Weyl groups Wa„-i, Wd„ or Wb„- Then, 

1) there exists an isomorphism of superalgebras 

6: M^{t,u,v) — > Cn(i>Mw{-t,V2u,-v) 
which extends <!> : C„ xi_ CW~ — > C„ (g) CW and sends 

2) the inverse 

^ : Cn(^^w{-t,V2u,-v) — >W^{t,u,v) 
extends ^ -.Cn® CW Cn x - CW~ and sends 

Vi ' ^ Vij ' ^ CiXi, y i. 

Proof. We first need to check that ^> preserves the defining relations of M^{t,u,v) and so $ 
is a well-defined homomorphism. Using Lemma 15.31 we shall check a few cases in type case, 
and leave the rest for the reader to verify. For i ^ j, we have 



the detail. 



-Cj[7?j,0]+ = -V2uCj{Sij + Sij) 

—7={{l + CiCj){Ci - Cj)Sij - (1 - CiCj){Ci + Cj)sij) 



^{u{{l + CiCj)[i,j] - {1- CiCj)[i,j])), 





Also, if J 7^ n, we have 



— CfiSnCj^j - 
^(tnXri) — C-nSfiCn^n 
^(tnllj) = CnSnllj = 
^(tnlln) = CnSnlln = 



CjCjCnSn — ^{Xjtn), 
" ^nCn — ^( ^ntri)i 
r]jCnSn = ^{-IJjtn), 
-llnCnSn = $(-r/„t„). 



Similarly, one shows that ^ is a well-defined algebra homomorphism. Since <& and ^ are 
inverses on generators, they are (inverse) algebra isomorphisms. ■ 
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The next corollary can be proved similarly to Corollary 14. 3[ 

Corollary 5.5. Let W be one of the Weyl groups Wa_„_i, Wd^ or Wb„- The even center for 
Mw contains C^qf, . . . ,rj'^]^ and C[^^, . . . , i^^]^. In particular, Mw is module-finite over its 
even center. 

Example 5.6. Usually there are other central elements beyond those given in the above corol- 
lary. For example, + ^|7?f - ^51(^1 - - m) lies in Z{IIwa^). 

5.3 The PBW property for Mw 

We have the following PBW type property for the algebra M.\y which can be proved similarly 
to Theorem 14. 4| using now the isomorphism 

Theorem 5.7. Let W be one of the Weyl groups Wa„_i, Wd^^ or Wb„- The multiplication of 
the subalgebras induces an isomorphism of vector spaces 

Equivalently, the set {£,"crr]"'} forms a basis for Mw, where a £ W, and a,7 E . 

5.4 The Dunkl operators for 

Denote by the subalgebra of M.\y generated by r^j (1 < i < n) and CW. Let V be the trivial 
CVF-module, and extend V a f)^-module by letting the actions of each iji on V be trivial. Define 

Vr,:=lndl^V^C[Ci,...,U 

On C[S,i, . . . ,(,n], c G W acts as p{a) = a* , S^i acts by left multiplication, and i]i acts as anti- 
commuting Dunkl operators which we establish below. (It is easy to replace the trivial module 
above by any CVF-module.) 

5.4.1 Dunkl operator for type A case 

For each i, we introduce a super derivation (9^. on C[^i, . . . , defined inductively by = ^ij 

and 

k 

The formulas below for type An^i case can be obtained from Lemmas 15. IH 15.121 and Theo- 
rem [5TT3] with the removal of those terms involving Sij,Ski, and the parameter v therein. 

Lemma 5.8. Let W = Wa„_-^ . Then the following holds in EIvi/ for I G Z+ and i ^ j: 
Lemma 5.9. Let W = Wa„_i, and f € C[^i, . . . Then the following identity holds in H^y.' 

[r?„ /]+ = t^J^ + uY,-^{{i, - - (e.r - ^kf^'))sk^. 

Theorem 5.10. Let W = Wa„^i ■ The action ofrji on C[^i, . . . , is realized as Dunkl operators 
as follows: 

rii = t% + u ^ 2 \ c2 ( ('^« ~ ^fc) ~ ('^«'^» ~ ^^^^ ) • 
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5.4.2 Dunkl operator for type Bn case 

The proofs of Lemma 15.111 and 15.121 are given in the Appendix. 

Lemma 5.11. Let W = Wb„- Then the following holds in for I G Z+ and i ^ j: 



1 



+ - E (^i"' - ^^^i^" + • • • + i-^y-'t') + s,k) 

2e. 2e. 

Lemma 5.12. Let W = Wb„, and f G C[^i, . . . ,£,n]- Then the following identity holds in Myy: 
f - f - F' 

h, f]+ = t^Z? + Ti 

Theorem 5.13. Let W = Wb^- The action of rji on C[^i,...,^n] is realized as operators as 
follows: 



fc^i ^k 



Proof. It suffices to check the formula for every monomial /. Consider / = • • • where 
Oj G Z_|_, and observe that 



%(/) = r^^■f = hJU + (-l)«i+-+-"/ . r?, = [r?„/] + . 



The theorem now follows by Lemma 15.121 ■ 
5.4.3 Dunkl operator for type Dn case 

The formula below for the Dunkl operator type D n case is obtained from their type JB^ coun- 
terparts (see Theorem 15. 13p by dropping the terms involving the parameter v. 

Theorem 5.14. Let W = Wd^. The action of rji on C[^i, . . . is realized as Dunkl operators 
as follows: 

2 

7]i = t% + E C2 _ c2 ( {^i ~ ^k) Sik - - ikTk) ) ■ 

kjti 

Remark 5.15. Let W = Wa„_i,Wb„, or Wz)„. The Dunkl operators 7]i anti-commute, i.e. 
ViVj = ~'nj'ni / j)- It is not easy to check this directly. 



Hecke-Clifford Algebras and Spin Hecke Algebras IV: Odd Double Affine Type 



21 



5.5 An affine Hecke subalgebra 

In this subsection, we will show that the odd DaHa of type A contains as a subalgebra the 
degenerate affine Hecke algebra of type A introduced by Drinfeld and Lusztig [21 [TT]. Let 

k<i 

Lemma 5.16. We have = 0, Vi,j. 

Proof. Let us assume i < j. Then, 



- dm, -^jVj + u^skj 
k<j 



{dh,^j]+m - Cjim^dhvi) - u[dm 



Lemma 5.17. The following identities hold: 

Sih = h+iSi - u, Siij = ijSi (j / i, i + 1). 
Proof. Recall that Li := ^ Ski is the Jucys-Murphy element, and it is known that SjLj = 

k<i 

Lj+iSj — 1 and SjLj = LjSi for j ^ i^i + 1. The lemma follows from these relations. ■ 
Proposition 5.18. The li (1 < « < n) and Sn generate the degenerate affine Hecke algebra. 
Proof. The proposition follows from Theorem 15.71 and Lemma |5.17[ ■ 

A Appendix: proofs of several lemmas 

A.l Proofs of Lemmas in Section [3] 
A. 1.1 Proof of Lemma 13.61 

We will show that the relations (j3.4ap and ()3.4bp are invariant under the conjugation by ele- 
ments q and e^, 1 < / < n. We will only verify for the q and leave the similar verification 
for the ei to the reader. Also, the verifications for the invariants in type A and D under the 
conjugation by q and are similar and will be omitted. 

Consider the relation (j3.4ap first. Clearly, ()3.4aP is invariant under the conjugation by q, 
and ei \il ^ i,j. Moreover, we calculate that 

Ci(r.h.s. of p.4ap )c,- = u{{l + CiCj){l + ejei)sij - (1 - CiCj){l - ejeipij) 

= [yi,Xj] = Cj(l.h.s. of (|3.4aP )&. 
Cj(r.h.s. of (j3.4ap )cj = u(^{cjCi — 1)(1 + ejei)sji — {—cjCi — 1)(1 — ejei)sij) 

= —[yi,Xj] = Cj(l.h.s. of (|3.4ap )cj. 

Thus, ()3.4ap is conjugation-invariant by all ci. 

Next, we will show that the relation ()3.4bp is invariant under the conjugation by each q. 
Indeed, we have 

Ci(r.h.s. of (1130))^ 

= teiCi - vciTiCi - u^^Ci{{l + CkCi){l + ekei)ski + (1 - CkCi){l - ekei)ski)ci 
k^i 



22 



T. Khongsap and W. Wang 



= -tCiCi + VTi - n^((ciCfc - 1)(1 + ekei)ski + {-CiCk - 1)(1 - ekei)ski) 
= -tciBi + VTi + n^((l + CfcQ)(l + ekei)ski + (1 - CfcCi)(l - ekei)ski) 

= -[yi,Xi] = Ci(l.h.s. of (|3.4bp )cj. 
For j ^ we have 

Cj(r.h.s. of ([3^ k.- 

= tCiCi - VTi - ucj{{l + CjCi){l + ejei)sji + (1 - CjCi){l - ejei)sji)cj 

- n ^ Cj((l + CfcCi)(l + ekei)ski + (1 - CfcCi)(l - ekei)ski)cj 

= tCiCi - VTi - u{{cjCi + 1)(1 + ejei)sji + {-cjCi + 1)(1 - ejei)sji)cj 

- n ^ ((1 + CfeQ)(l + ekei)ski + (1 - CfeCi)(l - ekei)ski) 

= Cj(l.h.s. of (ICTlD cj. 
Therefore, the lemma is proved. 

A. 1.2 Proof of Lemma 13.71 

We will show below that the relations (j3.4ap - ()3.4bp are invariant under the conjugation by 
elements in Wb„ ■ The proof can be readily modified to yield the Weyl group invariance of the 
relations (I3:2al) - (f3y2b]) and (l3:3al) - (f3^ in type A and D cases respectively, and we leave the 
details to the reader. 

(i) We check the invariance of (j3.4ap under Wb„- 

Consider first the conjugation invariance by the transposition sik- If {/, k} f] {i,j} = 0, then 
we have 

s/fc(r.h.s. of (|3.4ap )s/{. = u{{l + CiCj)(l + ejei)sij - (1 - CiCj){l - ejei)sij) 
= [yi,Xj] = s/fe(l.h.s. of ()3.4aP)g;fc- 

If {/, k} n {i,j} = {j}, then we may assume I = j and we have 

Sjk{r.h.s. of (|3.4ap )gjt. = n((l + CiCfc)(l + ekei)sik - (1 - CiCk){l - ekei)sik) 

= [yi,Xk] = sjfc(l.h.s. of (|3.4ap )gj^. 

We leave an entirely analogous computation when {I, k} n {i, j} = {i} to the reader. 
Now, if {/,A;} = then 

Sij(r.h.s. of (|3.4aP )5.j = u[{l + CjCi)(l + eiej)sij - (1 - CjCi){l - eiej)sij) 
= [yj,Xi] = Sij (l.h.s. of (|3.4ap )g,j. 

So (j3.4ap is invariant under the conjugation by each transposition sik- 

It remains to show that (j3.4ap is invariant under the conjugation by the simple reflection 
Sn = Tn- Observe that (j3.4ap is clearly invariant under the conjugation by Sn for n / 
Moreover, if j = n then we have 

Sn(r.h.s. of (|3.4aP )g^ = tt((l - CiCj){l - ejei)sij - (1 + CiCj){l + ejei)sij) 
= -[yi,Xj] = Sn(l-h.s. of (|3.4ap )g„. 



Hecke-Clifford Algebras and Spin Hecke Algebras IV: Odd Double Affine Type 23 
If z = n, then we have 

s„(r.h.s. of (|3.4ap )gr, = ^((l - CiCj){l - ejCipji - (1 + CiCj){l + ejei)sij) 
= - [yi,Xj] = s„(l.h.s. of (|3.4ap )g^. 

This completes (i). 

(ii) We check the invariance of ()3.4bp under Wb„- 

Consider first the conjugation invariance by Sji. If {j, 1} D {i} = 0, then we have 

Sji{r.h.s. of §M^)sji 

= tCiCi -VTi-u ^ Sji{{l + CfcCi)(l + ekei)ski + (1 - CfcCj)(l - ekei)ski)sji 

- usji ((1 + CjCi){l + ejei)sji + (1 - CjCj)(l - ejei)sji) sji 

- usji ((1 + QCi)(l + eiei)sii + (1 - QCi)(l - eiei)sii) Sji 
= [yi,Xi] = Sji{lh.s. of (|3.4bp )sj/. 

If {j, /} n {i} = {i}, we may assume that j = i, and then we have 

Siiir.h.s. of (l33b]))siz 

= tciei - usii ((1 + qq)(1 + eiei)sji + (1 - qci)(l - e/ei)^;^) Sj; 

- u ^ Sii{{l + CfcQ)(l + ekei)ski + (1 - CfcQ)(l - ekei)ski)sii - vti 

k^i,l 

= [yuxi] = Si;(l.h.S. of (|3.4bP)Sj;. 

It remains to show that ()3.4bp is invariant under the conjugation by the simple reflection 
s„ = G Wb„ ■ If i ^ n, we have 

s„(r.h.s. of (l33bl))s„ 

= tCiCi - VTi - USn ((1 + C„Ci)(l + enei)Sni + (1 - CnCi){l - enei)Sni)) Sn 

- u ^ s„((l + CfcCj)(l + ekei)ski + (1 - CfcCj)(l - efcei)sfci)s„ 

= -fTj - n ((1 - CnCi)Sni + (1 + C„Ci)s„i)) - tt ^ ((1 + CkCi)Ski + (1 " CfcCi)Sfci) 

= [yi,Xi] = s„(l.h.s. of (|3.4bp )s.,. 
If i = n, then 

s„(r.h.s. of ^^)Sn 

= tCnCn - VTn - - CfcC„)(l - efcen)Sfcn + (1 + CfcC„)(l + efce„,)sfc.„) 

= [yn,a;n] = Sn(l-h.s. of (|3.4bp )gr,. 
This completes the proof of (ii). Hence the lemma is proved. 

A. 1.3 Proof of Lemma [3781 



We will establish the Jacobi identity for W = Wb„- The proof can be easily modified for the 
cases of type A and D, and we leave the details to the reader. 
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The Jacobi identity trivially holds among triple Xj's or triple y^'s. 

Now, we consider the triple with two y's and one x. The case with two identical yi is trivial. 
So we first consider Xj, and yi where i^j^l are all distinct. The Jacobi identity holds in this 
case since 

[xi, [yj,yi]] + [yu [xi,yj\] + [yj, [yuxi]] 

= + [yu + CjCi){l + eiej)sji - (1 - Cjq)(1 - eiCjpij)] 

+ [yj,u ((1 + QCj)(l - eiei)sii - (1 - qq)(1 - eiei)sii)] = 0. 

Now for i 7^ j, we have 

[xi, [y./, yj]] + [yj, [x^, y^]] + [yi, [yj,Xi\] 

yj, -tCiCi + ((1 + CfcCi)(l + ekei)ski + (1 - CfcCi)(l - Ckeipki) + VTj 

+ [yi, n ((1 + CjCi){l + eiej)sij - (1 - CjCi){l - eiej)sij)] 

Vj^^^ ((l + CfcCj)(l + efcei)sfci + (l-CfcCi)(l-efcei)sfei) 

+ [yj,u{{l + CjCi)(l + ejei)sji + (1 - CjCi)(l - ejeipji)] 
+ [yi, u ((1 + CjCi){l + eiej)sij - (1 - CjCi){l - eiej)sij)] 
= + n(yj(l + CjCi)(l + ejei)sji + yj{l - CjCi){l - ejei)sji) 

- u((l + CjCi){l + ejei)sjiyj + (1 - CjCi)(l - ejeipjiyj) 
+ u (yi(l + CjCi)(l + eiej)sji - yi{l - CjCj)(l - eiejpij) 

- m((1 + Cjq)(1 + eiej)sjiyi - (1 - CjCi)(l - eiCjpijyi) = 0. 

Thanks to the automorphism of which switches Xj and yi, we obtain the Jacobi identity 
with one y and two x's from the above calculation. This completes the proof of Lemma 13.81 



A. 1.4 Proof of Lemma 13.131 

We will proceed by induction on /. For 1 = 1, then the equations hold by (j3.4ap and ()3.4bp . Now 
assume that the statement is true for I. Then 



[yi,xl^^] = [yi,Xj]xj +Xj[yi,Xj 



X: 



u 



+ 



U 



CiCj (1 



SijXj 



+ Xju{{l + CiCj){l + ejei)sij - (1 - CjCj)(l - ejei)sij) 



+ 



l+l 



Xj ~\~ Xi 



-CiCj j (1 CiCj^Sij 



X j ~\~ Xi 



CiCj (1 + eiej)s 



[yi,x\^'^] = [yi,x-]xi + x\[yi,Xi 
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f ^i ^^k ^ ^ — i ^k) ^\ ^ ekei)skiXi 

E( x\ — (—XkY x\ — x[, \ , , _ 

I — — CkCi (1 - ekei)skiXi 
,,. \ Xi -\- Xfc Xi Xfc J 



- ux\ ^((1 + CfcCi)(l + ekei)ski + (1 - CfcCi)(l - ekei)ski) + tx-QCi - vxln 



Xi Xjg Xi + Xfc / 



U 

k^i 



U 

k^i 



Xi + X}^ Xi X]i I 



This completes the proof. 



A. 1.5 Proof of Lemma 13.141 

It suffices to check the formula for every monomial /. First, we consider the monomial g = 
Y\ x°j^ . By induction and Lemma 13.13^ we can show that the formula holds for the monomial 

of the form 5 = H i^^^ detail of the induction step does not differ much from the following 

calculation). Now consider the monomial / = x[g. 

[ViJ] = [yi,x'i]g + x\[yi,g] 



X 



{-XiY x\ - {-XiY 



2xi ^ 2xi ^ 

~uY^ + ^i-i-^k) ^\ ^ eke^)skig 

\Xi Xk Xi + Xk J 

- — J ^— -^CfcQ (1 - ekei)skig 

Xi + Xk Xi Xk J 

I 9-9''' _ i 9-9^' 

El f 9 ~ 9^^" 9 ~ 9^'"" \ 
Xi I — \ CkCi I (1 + ekCijSki 
\ Xi Xk Xi + Xk J 

-u2_^xA — CkCi (1 - CkCijSki 

, , . V + Xk Xi Xk I 
k^i 

tCiCi— V— Ti -u 2_^[ \ CkCi 1 (1 + ekCijSki 

ZXi ZXi \ Xi Xk Xi -r Xk 



k^i 

u 



So the lemma is proved. 



> ^ ; CkCi (1 - ekCijSki 

\ Xi+Xk Xi-Xk I 
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A. 2 Proofs of Lemmas in Section [5] 
A. 2.1 Proof of Lemma 15.111 

We will proceed by induction on /. For 1 = 1, then the equations hold by the definition of Hvy. 
Now assume that the statement is true for /. Then 

[r/„e;+i]+ = [r?,,ej]+e, + (-i)'ej[r?.,ei]+ 




This completes the proof. 

A. 2. 2 Proof of Lemma \5A2\ 

It suffices to check the formula for every monomial /. First, we consider the monomial g = 
Y[ ■ By induction and Lemma 15.111 we can show that the formula holds for the monomial 

of the form g = H i^^^ detail of the induction step does not differ much from the following 

calculation). Now consider the monomial / = S,lg. 

[7?„/]+ = [7?„e^] + <7+(-l)'d[^.,5] + 
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= t h V Tj 

So the lemma is proved. 
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